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Abstract 
Cai, L. and D. Corneil, On cycle double covers of line graphs, Discrete Mathematics 102 
(1992) 103-106. 
It is shown that if a graph has a cycle double cover, then its line graph also has a cycle double 
cover. The converse of this result for 2-edge-connected graphs would imply the truth of the 
cycle double cover conjecture. 
In this note, all graphs are finite, simple and connected, where the vertex set 
and the edge set of a graph G are denoted by V(G) and E(G) respectively. The 
degree of a vertex v in G will be denoted by d(v). A graph G is called an even 
graph if each vertex of G is of even degree. A cycle of a graph G is a partial 
subgraph of G which is connected and regular of degree two. A cycle cover of a 
graph G is a multiset Z of cycles of G such that each edge of G is covered by at 
least one cycle in Z, and it is partial if not all edges are covered. Two particular 
interesting forms of cycle covers are cycle decomposition where each edge is 
covered exactly once and cycle double cover (CDC) where each edge of G is 
covered exactly twice. 
A classical theorem of Euler states that every even graph has a cycle 
decomposition (see [2]). In order to extend this theorem to graphs with vertices 
of odd degree, Szekeres [5] and Seymour [4] independently raised the following 
conjecture. 
Cycle Double Cover Conjecture (CDCC). Every 2-edge-connected graph has a 
CDC. 
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It is clear that if G has a CDC, then it must be 2-edge-connected. It is also 
easy to see that every even graph G admits a CDC, which consists of two copies 
of the cycles in any cycle decomposition of G. More information on the subject 
can be found in the survey paper by Jaeger [3]. 
In this note, we study the cycle double cover of line graphs. The line graph of 
G, denoted by L(G), is the graph with vertex set E(G) in which two vertices are 
joined if and only if they are adjacent edges in G. The main result of this note is 
the following theorem. 
Theorem. Zf G has a CDC, then its line graph L(G) also has a CDC. 
The motivation is that the family of line graphs is complete for the CDCC in 
the sense that the validity of the CDCC on line graphs would imply the truth of 
the CDCC. We first recall that the subdivision graph of G, denoted by S(G), is 
obtained from G by inserting a new vertex for each edge. We claim that if 
L(S(G)) has a CDC then G has a CDC. To see this, we observe that L(S(G)) can 
be constructed from G by replacing each vertex v in G with a clique K” of size 
d(v). (By replacing v with a clique KU, we mean to construct a new graph from 
G by deleting V, and connecting each of the d(v) vertices which were adjacent to 
u with a unique vertex amongst the d(v) distinct vertices in KY) Therefore, G 
can be recovered from L(S(G)) by contracting all the cliques K” in L(S(G)), and 
a CDC of L(S(G)) is transformed by this contraction into a double cover of the 
edges of G by even subgraphs, which by decomposition of each even subgraph 
into cycles yields a CDC of G. This implies that the family of line graphs is 
complete for the CDCC. In fact the line graphs can be restricted to line graphs of 
bipartite graphs and still retain the CDCC completeness. 
Before we turn our attention to the proof of the main result, we need the 
following definitions. A l-factor of a graph G is a spanning subgraph of G and is 
regular of degree 1. A 2-regular component is either a cycle or a multigraph on 
two vertices with two parallel edges. Let H be a collection of IV(G)1 edges from 
G such that each vertex of G belongs to exactly two edges in H. Note that an 
edge of G can appear at most twice in H. It is easy to see that the edges in H 
define a multigraph GH on I V(G)1 vertices in which each connected component of 
GH is a 2-regular component. 
Proof of the Theorem. Suppose G has a CDC Z, then it is 2-edge-connected and 
thus the minimum degree of G is at least two. Each vertex u of G corresponds to 
a clique KuJ of size d(vj) 2 2 in L(G) induced by the edges of G incident to V, 
and these cliques define a partition of the edges of L(G). For an edge e E E(G), 
we use e* to denote its corresponding vertex in L(G). Then for each cycle 
Zi = el, e2, . . . , ek in Z, there is a corresponding cycle 
Zi* = eTe2*, e:e:, . . . , e:_lek*, ek*eT 
in L(G). Let Z* be the collection of all Z,? defined above. 
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Note that each edge of L(G) is covered at most twice by Z*. Let Hi be the 
collection of the edges of ZP which are covered by Z* (an edge will appear twice 
in Hi if it is covered twice by Z*). Each vertex e* of L(G) appears in exactly two 
cycles in Z*, since edge e appears in exactly two cycles in Z. Thus Hi is a 
collection of d(vJ edges of Ku1 such that each vertex of ZP belongs to exactly two 
edges in Hi. Now we want to show that the edges of each Ku1 which are covered 
less than twice by Z* can be properly covered by a (partial) cycle cover within the 
clique. More precisely, we shall prove the following result. 
Claim. Let H be an arbitrary collection of n edges of K,, n >, 2, such that each 
vertex of K,, belongs to exactly two edges in H, and #e be the number of times that 
edge e appears in H. Then there exists a (partial) cycle cover Z of K,, such that 
every edge in E(K,) is covered 2 - #e times. 
Proof of the Claim. By induction on the number of 2-regular components in GH, 
where GH is the multigraph defined by the edges in H. First suppose that GH 
contains only one 2-regular component. 
For n odd, K, is an even graph, and thus has a cycle decomposition Z by the 
Euler theorem. Since GH is a cycle on at least three vertices, K,, - Gn is still an 
even graph, and thus has a cycle decomposition Z’. Now it is easy to verify that 
Z U Z’ forms the required cycle cover. 
For n even, it is trivial if n = 2. For n > 2, the edges of GH can be decomposed 
into an edge disjoint union of two l-factors F1 and Fz. Notice K,, - FI and K,, - Fz 
are both even graphs. So they have cycle decompositions Z1 and Z2 respectively. 
It is easy to verify that Z1 U Z2 forms the required cycle cover. 
Now suppose that the claim is true when there are fewer than k 2-regular 
components, and let GH have k 3 2 2-regular components. Let HI be a subset of 
edges in H such that GH, defines a 2-regular component of GH. For Hz = H - HI, 
GH2 = Gn - GHI is defined by edges in Hz and has k - 1 2-regular components. 
For K,, let G1 be the graph induced by V(G “, ) , and G2 be the graph induced by 
V(G,,). Clearly, both Gr and G2 are complete graphs, and K,, is an edge disjoint 
union of Gi, G2 and the complete bipartite graph K,_ where r, = 1 V(G,)I, and 
r, = IV(G2)1. By the induction hypothesis, G, has a required (partial) cycle cover 
Zi, and G2 has a required (partial) cycle cover Z2. The complete bipartite graph 
K r,,rl also admits a CDC Z, since r,, r2 2 2 (see [l]). Thus K, has the required 
(partial) cycle cover Z U Z, U Z2. 0 
Now let w be the (partial) cycle cover of K” as in the claim. Recall that these 
Ku1 defines an edge partition of L(G), it is easy to verify that Z* together with all 
these l4+ forms a CDC of L(G). This completes the proof of the Theorem. Cl 
Remark. When the minimum degree of a graph G is at least three, one can easily 
construct a CDC of L(G) from a CDC for the corresponding clique of each 
106 L. Cai. D. Corned 
vertex in G, since each of these cliques has at least three vertices and every 
complete graph with more than three vertices admits a CDC [l]. Moreover for 
2-edge-connected graphs, the converse of the theorem would imply the CDCC, 
since the family of cubic graphs is complete for the CDCC [3] and the line graph 
of every cubic graph admits a CDC. 
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